ON THE THEORY OF ALMOST 
GRASSMANN STRUCTURES 

M.A. Akivis and V.V. Goldberg 

Abstract. The differential geometry of almost Grassmann structures defined on a differ- 
entiable manifold of dimension n — pq hy & fibration of Segre cones SC{p,q) is stud- 
ied. The peculiarities in the structure of almost Grassmann structures for the cases 
p = q = 2; p = 2,q > 2 {oT p > 2,q — 2), and p > 2,q > 2 are clarified. The 
fundamental geometric objects of these structures up to fourth order are derived. The 
conditions under which an almost Grassmann structure is locally fiat or locally semiflat 
are found for all cases indicated above. 

Introduction 



Almost Grassmann manifolds were introduced by Hangan |2C] as a general- 
ization of the Grassmannian G{m,n). Hangan (||2^, and Ishihara [^] 
studied mostly some special almost Grassmann manifolds, especially locally 
Grassmann manifolds. Later almost Grassmann manifolds were studied by 
Goldberg Mikhailov [|25| and Akivis S in connection with the devel- 



opment of the theory of multidimensional webs. Goncharov |19| considered 



the almost Grassmann manifolds as generalized conformal structures. 



Baston in [10| constructed a theory of a general class of structures, called 
almost Hermitian symmetric (AHS) structures, which include conformal, 
projective, almost Grassmann, and quaternionic structures and for which the 
construction of the Cartan normal connection is possible. He constructed a 
tensor invariant for them and proved that its vanishing is equivalent to the 
structure being locally that of a Hermitian symmetric space. In [l9| ], the 
AHS structures have been studied from the point of view of cone structures 



(see 1 10 1 and [^] for further references on generalized conformal structures). 

Bailey and Eastwood |^] extended the theory of local twistors, which was 
known for four-dimensional conformal structures, to the almost Grassmann 
structures (they called them the paraconformal structures). Dhooghe (p!^, 
[Il3| ) considered almost Grassmann structures (he called them Grassmannian 
structures) as subbundles of the second order frame bundle and constructed 
a canonical normal connection for these structures. The structure equations 
derived for the Grassmann structures in |13] are very close to the structure 
equations of the Grassmann structures considered in the present paper. 
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In the current paper we consider the real theory of almost Grassmann 
structures while in [19|, [|l^], and their complex theory was studied. 

Although some of the authors who studied almost Grassmann structures 
proved that an almost Grassmann structure is a G-structure of finite type 
two (see [22 1 and [^]), no one of the authors went further than the devel- 
opment of the first structure tensor. 

In Section 1 of the current paper we consider the Grassmann structures. 
In Section 2 we define the almost Grassmann structures geometrically fol- 
lowing |] and @ (see also fH, §, §8.3, and |8|, §§2.1 and 2.2). 

Sections 3 and 4 are the core of the paper. In these sections we make the 
most symmetric and natural specializations of second-, third-, and fourth- 
order moving frames, derive the structure equations and construct (in a 
fourth-order differential neighborhood) a complete geometric object of the 
almost Grassmann structure totally defining its geometric structure, find 
the expression of the components of the torsion tensor of an almost Grass- 
mann structure in the general (not reduced) third-order frame, prove that 
an almost Grassmann structure is a G-structure of finite type two (Theorem 
4.1), establish relations between the components of the complete geometric 
object (Theorems 4.2 and 4.3) and use these connections to determine un- 
der what conditions an almost Grassmann structure is locally Grassmann 
(Theorem 4.4). 

In Section 4 we also find the structure group of the almost Grassmann 
structure these structures and its differential prolongation. The structure 
group of the almost Grassmann structure is represented in the form SL(p) x 
SL((7) X H, where SL(p), SL(g) are the special linear groups of order p and 
q; respectively, and H is the group of homotheties. The prolonged group G' 
is isomorphic to the semidirect product Gtx T(pg), where T{pq) is the group 
of parallel translations of (pq')-dimensional affine space. 

The almost Grassmann structure defines on the manifold M two fiber 
bundles and that are real twistor fiber bundles. In a more general 
setting they were considered in [BE 91]. For the general almost Grassmann 
structure, the first nonvanishing structure tensor splits into two subtensors, 
which are the structure tensors of fiber bundles E^ and Ep. The vanishing of 
each of these subtensors leads to integrability of the corresponding twistor 
fiber bundle. In Section 5 we give without proof the statements of our 
main theorems on semiintegr ability of almost Grassmann structures. Their 
complete proofs are given in our book [AG 93]. 

Note also the main differences between our paper and the papers [|^] 
and p|: 
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1. We consider a projective model of a Grassmann manifold while in the 



papers |]12[ and ||13|] (and in most of other papers on this subject) a 
vector model was considered. This is the reason that in our presen- 
tation both the dimension n of the original projective space and the 
dimension m of the generating element of the Grassmann manifold 
G{m, n) are one unit less than in those papers. The dimension of the 
Grassmann manifold G{m, n) and the dimension of the manifold M 
endowed with an almost Grassmann structure are equal to pq where 
p = m + \ and q = n — m. 

2. In this paper an almost Grassmann structure on a manifold M is 
defined geometrically by means of a fibration of Segre cones SC{p, q) 
while in |12] and [13| it is defined analytically by means of structure 



equations. 

3. We clearly distinguish three cases: 

a) p = 2,q = 2 (m = l,n = 3),dimM = 4. In this case the almost 

Grassmann structure AG{1, 3) is equivalent to the pseudoconfor- 
mal structure CO(2,2) that is torsion-free and whose conformal 
curvature is determined by its Weyl tensor defined in a third- 
order differential neighborhood. 

b) p = 2,q > 2 (or p > 2,q = 2). In this case the torsion tensor of the 

fiber bundle Ea (respectively, E/s) vanishes, and the difference 
between this structure and a locally flat structure is determined 
by the curvature tensor of the fiber bundle E^ and the torsion 
tensor of E^^ (respectively, Ep and Ea)- 

c) p > 2, q > 2. In this case the difference between this structure and 

a locally flat structure is completely determined by the torsion 
tensors of the fiber bundles E^ Ep. 

4. We construct the fundamental geometric objects of these structures up 
to fourth order for each of these three cases and establish connections 
among them. 

5. In the main parts of and ||l3| the author considered torsion-free 
almost Grassmann structures. He did not have results of our Theorems 
4.2, 4.3 and 4.4 and erroneously assumed that for p > 2,q > 2 there 
exist torsion-free almost Grassmann structures that are not locally 
Grassmann (locally fiat) structures. According to our Theorem 4.4, 
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if p > 2 and q > 2, then torsion- free almost Grassmann structures are 
locally Grassmann structures. This is the reason that the results of 
the main parts of |jl2| and ||l^ valid only for p = 2,q > 2;p > 2,q = 2, 
and p = q = 2. 

1 Grassmann Structures 

1. Let be an n-dimensional projective space. The set of m-dimensional 
subspaces C P" is called the Grassmann manifold, or the Grassman- 
nian, and is denoted by the symbol G{m,n). It is well-known that the 
Grassmannian is a differentiable manifold, and that its dimension is equal 
to p = (m + l)(n — m). It will be convenient for us to set p = m + 1 and 
q = n — m. Then we have n = p + q — 1. 

Let a subspace P™" = x be an element of the Grassmannian G{m,n). 
With any subspace x, we associate a family of projective point frames 
u = 0, 1, . . . n, such that the vertices A^, a = 0, 1, . . . , m, of its frames 
lie in the subspace P*", and the points Ai,i = m + 1, . . . ,n, lie outside P*" 
and together with the points make up the frame {A^} of the space P". 

We will write the equations of infinitesimal displacement of the moving 
frames we have chosen in the form: 

dAu = 0lA^, u,v = 0,...,n. (1.1) 

Since the fundamental group of the space P" is locally isomorphic to the 
group SL(n + 1), the forms 6*^ are connected by the relation 

= 0. (1.2) 

The structure equations of the space P" have the form 

dC = CAC- (1-3) 

By (1.3), the exterior differential of the left-hand side of equations (1.1) is 
identically equal to 0, and hence the system of equations (1.1) as well as 
equation (1.2) is completely integrable. 
By (1.1), we have 

dA^ = e^Af^ + eiA. 

It follows that the 1-forms 0^ are basis forms of the Grassmannian. These 
forms are linearly independent, and their number is equal to p = (m + l)(n — 
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m) = p ■ q, i.e., it equals the dimension of the Grassmannian G{m,n). We 
will assume that the integers p and q satisfy the inequalities p > 2 and 
q > 2, since for p = 1, we have m = 0, and the Grassmannian G(0, n) 
is the projective space P"^, and for g = 1, wc have m = n — 1, and the 
Grassmannian G{n — 1, n) is isomorphic to the dual projective space (P")*. 

Let us rename the basis forms by setting = u;^ and finding their 
exterior differentials: 

d< = 0f Aa;^ + a;^A^?i. (1.4) 
Define the trace-free forms 

^^ = 0^-l€0'^, ^i = Oj- 1^)91 (1.5) 
satisfying the conditions: 

a;2 = 0, u4 = 0. (1.6) 
Eliminating the forms 9^ and 9j from equations (1.4), we find that 

dwj, = u;f A^ + o;^ Awj + w Ao;^, (1.7) 

where u = -9:^ - -9t or by (1.2), 

p ^ q 



a;=(- + -)0^. (1.8) 

Setting 

.f = -(i + i)«f (1.9) 
and taking the exterior derivatives of equations (1.7) and (1.8), we obtain 



dw^ = u;ZAu;^^ + -^c^ A (5f - p5>f ), 



(1.10) 



and 

da; = a;fA(jj,. (1.11) 
Exterior differentiation of equations (1.9) gives 

dujf = u{ A cjf + A a;;g + uf A u. (1.12) 
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Finally, exterior differentiation of equations (1-12) leads to identities. 

Thus, the structure equations of the Grassmannian G{m, n) take the 
form (1.7), (1.10), (1.11) and (1-12). This system of differential equations is 
closed in the sense that its further exterior differentiation leads to identities. 

If we fix a subspace x = P"^ C P", then we obtain o;^ = 0, and equations 
(1.10) and (1.11) become 

dTT^ = TTlATT^, dni =TT^ AttI dvT = 0, (1.13) 

where vr = uj{6),tt^ = LU^{6),7rj = iOj{d), and 6 is the operator of differ- 
entiation with respect to the fiber parameters of the second-order frame 
bundle associated with the Grassmannian G(m, n). Moreover, the forms 
TT^ and TTj satisfy equations similar to equations (1.6), that is, these forms 
are trace-free. The forms vr^ are invariant forms of the group SL(p) which 
is locally isomorphic to the group of projective transformations of the sub- 
space P™. The forms vr*- are invariant forms of the group SL(g) which is 
locally isomorphic to the group of projective transformations of the bundle 
of (m + l)-dimensional subspaces of the space P" containing P™. The form 
TT is an invariant form of the group H = R* Id of homotheties of the space 
P" with center at P™"; here R* is the multiplicative group of real numbers. 

The direct product of these three groups is the structural group G of the 
Grassmann manifold G{m,n): 

G = SL{p) X SL{q) X H. (1.14) 

Finally, the forms vrf = ujf{6), which by (1.12) satisfy the structure 
equations 

dvrf = Tr{ A irf + A vr^ + vrf A tt, (1.15) 

are also fiber forms on the Grassmannian G{m, n) but unlike the forms 
vr^, 7^1 and vr, they are connected with the third-order frame bundle of the 
Grassmannian G{m,n). 

The forms Trf, 7r*-,7r and vrf, satisfying the structure equations (1-13) 
and (1.15), are invariant forms of the group 

G' = G^T{pq) (1.16) 

arising under the differential prolongation of the structure group G of the 
Grassmannian G{m, n). The group G' is the group of motions of an (n — m — 
l)-quasiaffine space A^_^_i (see |l^) which is a projective space P" with a 
fixed m-dimensional subspace P™ = Aq A Ai A . . . A Am and the generating 
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element p"-~'^~^ = A^+i A ... A A^. The dimension of the space A^_^_i 
coincides with the dimension of the Grassmannian G{n — m — l,n), and 
this dimension is the same as the dimension of the Grassmannian G{m,n): 
p = (m + 1) (n — m) . The forms vrf are invariant forms of the group T(pg) of 
parahel translations of the space and the group G is the stationary 

subgroup of its element p"-"^-i. 

In the index-free notation, the structure equations (1.7) and (1.10)-(1.12) 
of the Grassmannian G{m, n) can be written as follows: 

d6 = ijo/\9 — 9/\ijJa-oji3/\0, 

q r 

d^a + ct^cK A = — -fatr (ip A9) + pip A 9 

p + q^ 

duj0 +UJ0 Auj/s = —J— [-//3tr {(p A9) + q9 Aip^, (1.17) 

dij = tr{(pA 9), 

dip + 9aAip + ipA9fj + LL!Aip = 0, 

where 9 = (oj^) is the matrix 1-forms defined in the first-order fiber bundle; 
ooa = (oOp) and up = (cj*) are the matrix 1-forms defined in a second-order 
fiber bundle for which 

tr Ua = 0, tr Ujs = 0; 

the form u> is the scalar form occurring in equations (1.7), (1.11), and (1.12) 
and also defined in a second-order frame bundle; ip = {ujf) is a matrix 1- 
form defined in a third-order fiber bundle; and = (6^) and = (df) are 
the unit tensors of orders p and q, respectively. 

Note that in the exterior products of 1-forms, occurring in equations 
(1.17) and in further structure equations of this subsection, multiplication 
is performed according to the regular rules of matrix multiplication — row 
by column. 

Along with the Grassmannian G{m, n), in the space P'" one can consider 
the dual manifold G{n — m — l,n). Its base forms are the forms uf, and its 
geometry is identical to that of the Grassmannian G{m,n). 

2. With the help of Grassmann coordinates, the Grassmannian G{m, n) 
can be mapped onto a smooth algebraic variety Vt{m, n) of dimension p = pq 

CP Q \ 
— 1. 
p J 

Suppose that x = Aq A Ai A . . . A A^, is a point of the variety Q,{m, n). 
Then 

dx = TX + ule^, (1.18) 
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where by (1.8) T = el + ... + eZ = and 

= A . . . A A yli A Aa+i ^ . . . ^ A^, 

and the points ef together with the point x determine a basis in the tangent 
subspace Tx{^)- The second differential of the point x satisfies the relation 

(fx^ ^ (^>^-u;>^)e^^ (modr,(17)), (1.19) 

a<(3,i<j 

where 

e"/ = Ao A . . . A A^^i A A A ... A Ap^i A A A^+i A ... A 

are points of the space that lie on the variety Q.{m, n) and together with 
the points x and ef determine the osculating space T'^{Q) of the variety O. 
The quadratic forms 

^% = <^'p-^Wp (1-20) 

are the second fundamental forms of the variety Vl C . 

The equations a;^^ = determine the cone of asymptotic directions of 
the variety at a point x € 17. The equations of this cone can be written 
as follows: 

rank (wj,) = 1. (1.21) 
In view of (1.21), parametric equations of this cone have the form 

^a = taS^, a = 0, l,...,m; i = m+l,...,n. (1.22) 

If we consider a projectivization of this cone, then ta and s* can be taken 
as homogeneous coordinates of projective spaces and Thus 
such a projectivization is an embedding of the direct product PP~^ x P^-i 
into a projective space PP~^ of dimension p — 1, where p = pq. Such an 
embedding is called the Segre variety and is denoted by S{p — l,q — 1). 
This is the reason that the cone of asymptotic directions of the variety 17 
determined by equations (1-21) is called the Segre cone. This cone is denoted 
by SCx{p, q) since it carries two families of plane generators of dimensions p 
and q. Plane generators from different families of the cone SCx{p,q) have a 
common straight line. It is possible to prove that the cone SCx{p,q) is the 
intersection of the tangent subspace Tx{i^) and the variety fi: 

Cx{p,q) = Tx{n)nn. 

The differential geometry of Grassmannians was studied in the papers 
i, 0, and pi. 
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2 Almost Grassmann Structures 



1. Now we can define the notion of an almost Grassmann structure. 

Definition 1 Let M be a differentiable manifold of dimension pq, and let 
SC{p,q) be a differentiable fibration of Segre cones with the base M such 
that SC^{M) C T^iM), x e M. The pair {M,SC{p,q)) is said to be 
an almost Grassmann structure and is denoted by AG{p — l,p + q — 1). 
The manifold M endowed with such a structure is said to be an almost 
Grassmann manifold. 

As was the case for Grassmann structures, the almost Grassmann struc- 
ture AG{p—l,p+q—l) is equivalent to the structure AG{q—l,p+q—l) since 
both of these structures are generated on the manifold M by a differentiable 
family of Segre cones SCx{p, q)- 

Let us consider some examples. 

Example 2 The main example of an almost Grassmann structure is the 
almost Grassmann structure associated with the Grassmannian G{m,n). 
As we saw, there is a field of Segre cones SCx{p,q) = Tx{0,) f]Q,, x G 0, 
where p = m + 1 and q = n — m, which defines an almost Grassmann 
structure. 

Example 3 Consider a pseudoconformal CO(2, 2)-structure on a four-di- 
mensional manifold M. The isotropic cones Cx of this structure carry two 
families of plane generators. Hence, these cones are Segre cones SCx{2,2). 
Therefore, a pseudoconformal CO{2, 2)-structure is an almost Grassmann 
structure ^40(1, 3). 

If we complexify the four-dimensional tangent subspace Tx{M^) and con- 
sider Segre cones with complex generators, then conformal CO (1,3)- and 
CO(4, 0)-structures can also be considered as complex almost Grassmann 
structures of the same type AG{1,3). However, in this paper, we will con- 
sider only real almost Grassmann structures. 

Almost Grassmann structures arise also in the study of multidimensional 
webs (see § and 

Example 4 Consider a three-web formed on a manifold M'^'^ of dimension 
2q by three foliations A^, u = 1,2,3, of codimension q which are in general 
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position (see |T| or |^]). Through any point x G M^i, there pass three leaves 
J-u belonging to the foliations A^. In the tangent subspace Tx{M'^'^), we 
consider three subspaces Tx{J^u) which are tangent to !Fu at the point x. If 
we take the projectivization of this configuration with center at the point 
X, then we obtain a projective space P'^i~^ of dimension 2q — 1 containing 
three subspaces of dimension q — l which are in general position. These three 
subspaces determine a Segre variety 5(1, g — 1), and the latter variety is the 
directrix for a Segre cone SC^{2,q) C T^{M^i). Thus, on M^i, a field of 
Segre cones arises, and this field determines an almost Grassmann structure 
on W^i. 

The structural group of the web W{3,2,q) is smaller than that of the 
induced almost Grassmann structure, since transformations of this group 
must keep invariant the subspaces Tx{J^u)- Thus, the structural group of 
the three- web is the group GL(g'). 



Example 5 Consider a (p + l)-web W{p + l,p,q) = (M; Ai, . . . , Ap+i) 
formed on a differentiable manifold M of dimension pq hy p + 1 foliations 
A^, u = 1, . . . ,p + 1 of dimension q which are in general position on M (see 



[T§ or []18|). 

As in Example 2.4, the tangent spaces Tx{Tu) define the cone SCx{p, q) D 
Txi^u), and the field of these cones defines an almost Grassmann structure 
AG{p -l,p + q-l) on M. 

The structural group of the web W{p + l,p,q) is the same group G = 
GL(g) as for the web W{3, 2, q), and this group does not depend on p. 

2. The structural group of the almost Grassmann structure is a subgroup 
of the general linear group GJj{pq) of transformations of the space Tx{M), 
which leave the cone SCx{p,q) C Tx{M) invariant. We denote this group 
by G = GL(p,g). 

To clarify the structure of this group, in the tangent space Tx{M), we 
consider a family of frames {ef }, a = 1, . . . ,p; i = p + 1, . . . ,p + q, such 
that for any fixed i, the vectors ef belong to a p-dimensional generator 
of the Segre cone SCx{p,q), and for any fixed a, the vectors ef belong to 
a Q'-dimensional generator ij of SCx{p, q)- In such a frame, the equations of 
the cone SCx{p,q) can be written as follows: 

Za = tas\ a = l,...,p, i = p+l,...,p + q, (2.1) 

where are the coordinates of a vector z = z^^ef C Tx{M), and ta and 
are parameters on which a vector z C SCx{M) depends. 
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The family of frames {ef } attached to the cone SCx{p, q) admits a trans- 
formation of the form 

'et = A^Aie^, (2.2) 

where {A'^) and (^*) are nonsingular square matrices of orders p and q, 
respectively. These matrices are not defined uniquely since they admit a 
multiplication by reciprocal scalars. However, they can be made unique by 
restricting to unimodular matrices {A'^) or (A^): det(A^) = 1 or det(A^) = 
1. Thus the structural group of the almost Grassmann structure defined by 
equations (2.2), can be represented in the form 

G = SL{p) X GL(g) ^ GL{p) x SL{q), (2.3) 

where SL(p) and SL(g) are special linear groups of dimension p and q, 
respectively. Such a representation has been used by Hangan (IQ, pl[| , 
m) and Goldberg Q (see also the book P], Ch. 2), and |2|. Unlike this 
approach, we will assume that both matrices {A'^) and (Al) are unimodular 
but the right-hand side of equation (2.2) admits a multiplication by a scalar 
factor. As a result, we obtain a more symmetric representation of the group 
G: 

G = SL{p) X SL{q) X H, (2.4) 

where H = R* ® Id is the group of homotheties of the Tx{M). 

It follows that an almost Grassmann structure AG{m, n) is a G-structure 
of first order. 

It follows from condition (2.1) that p-dimensional plane generators of 
the Segre cone SCx{p, q) are determined by values of the parameters s*, and 
toi are coordinates of points of a generator ^. But a plane generator ^ is not 
changed if we multiply the parameters s* by the same number. Thus, the 
family of plane generators ^ depends on q — 1 parameters. 

Similarly, g-dimensional plane generators ij of the Segre cone SCx {p, q) 
are determined by values of the parameters t^, and s* are coordinates of 
points of a generator r/. But a plane generator r] is not changed if we multiply 
the parameters t^ by the same number. Thus, the family of plane generators 
r] depends on p — 1 parameters. 

The p-dimensional subspaces ^ form a fiber bundle on the manifold M. 
The base of this bundle is the manifold M, and its fiber attached to a point 
X G M is the set of all p-dimensional plane generators ^ of the Segre cone 
SGx{p, q)- The dimension of a fiber is g — 1, and it is parametrized by means 
of a projective space Pa, dim Pa = q — 1. We will denote this fiber bundle 
of p-subspaces by Ea = (M, P^). 
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In a similar manner, gr-dimensional plane generators r] of the Segre cone 
SCx{p, q) form on M the fiber bundle Ep = (M, Pp) with the base M and 
fibers of dimension p — 1 = dimP^. The fibers are g-dimensional plane 
generators 77 of the Segre cone SCx{p,q)- 

Consider the manifold = M x oi dimension pq + q — 1. The 
fiber bundle Eq, induces on Mq, the distribution of plane elements ^q, of 
dimension q. In a similar manner, on the manifold Mg = M x Pp the fiber 
bundle Ep induces the distribution of plane elements r]p of dimension p. 

Definition 6 An almost Grassmann structure AG{p — l,p + q — 1) is said 
to be a-semiintegrable if the distribution Aq, is intcgrable on this structure. 
Similarly, an almost Grassmann structure AG{p — l,p + q — 1) is said to 
be (5-semiintegrahle if the distribution A^ is integrable on this structure. 
A structure AG{p — l,p + g — 1) is called integrable if it is both a- and 
/3-semiintegrable. 

Integral manifolds of the distribution Aq, of an a-semiintegrable al- 
most Grassmann structure are of dimension p. They are projected on the 
original manifold M in the form of a submanifold of the same dimension 
p, which, at any of its points, is tangent to the p-subspace of the fiber 
bundle Through each point x € M, there passes a. {q — l)-parameter 
family of submanifolds V^. 

Similarly, integral manifolds of the distribution A^ of a /3-semiinte- 
grablc almost Grassmann structure are of dimension q. They are projected 
on the original manifold M in the form of a submanifold of the same 
dimension g, which, at any of its points, is tangent to the g-subspace r}p of 
the fiber bundle Ep. Through each point x G M, there passes a (p — 1)- 
paramctcr family of submanifolds Vp. 

If an almost Grassmann structure on M is integrable, then through each 
point X G M, there pass a (g — l)-parameter family of submanifolds and 
& [p — 1) -parameter family of submanifolds Vp which were described above. 

The Grassmann structure G{m, n) is an intcgrable almost Grassmann 
structure AG{m,n) since through any point x € ^l{m,n), onto which the 
manifold G{m,n) is mapped bijectively under the Grassmann mapping, 
there pass a (q — l)-parameter family of p-dimensional plane generators 
(which are the submanifolds Vq.) and a (p — l)-parameter family of g-dimen- 
sional plane generators (which are the submanifolds Vp). In the projective 
space P", there corresponds to submanifolds a family of m-dimensional 
subspaces belonging to a subspace of dimension m+1, and there corresponds 
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to submanifolds a family of m-dimensional subspaces passing through a 
subspace of dimension m — 1. 

3 Structure Equations of an Almost Grassmann 
Structures 

1. Consider a differentiable manifold M of dimension pq endowed with an 
almost Grassmann structure AG{p — l,p + q — 1). Suppose that x G M, 
Tx{M) is the tangent space of the manifold M at the point x and that {ef } 
is an adapted frame of the structure AG{p—l,p + q— 1). The decomposition 
of a vector z G Tx{M) with respect to this basis can be written in the form 

where oj^ are 1-forms making up the co- frame in the space Tx (M) . If z = dx 
is the differential of a point x E M, then the forms Lul^{dx) are differential 
forms defined on a first-order frame bundle associated with the almost Grass- 
mann structure. These forms constitute a completely integrable system of 
forms. As a result we have 

d^a=^j3^^- (3-1) 

The forms are called also the basis forms of the manifold M. 

As earlier, we set tt^" = (S) , where S is the operator of differentiation 
with respect to the fiber parameters of the frame bundle. These forms 
determine an infinitesimal transformation of the adapted frames: 

Sef = TT^^ef . (3.2) 

On the other hand, the admissible transformations of adapted frames can be 
written as closed form equations (2.2). Solving equations (2.2), we obtain 

4 = A^Ai'e^, (3.3) 

where (Ag) and (Jl* ) are the inverse matrices of the matrices {A^) and (Aj), 
respectively: 

A^A} = A}A^ = 5''^, J^^A) = AY^^ = S]. (3.4) 
It follows from (3.4) that 

Al . = -i^ ■ M^, 4 • bA) = -A) . (54, (3.5) 
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Suppose now that {x, 'ef} is a fixed frame, d{'ef) = 0. Then, differen- 
tiating (3.3) for a fixed x G M and using (3.4) and (3.5), we obtain 

6ef = (Spi - Sin^)e^, (3.6) 

where 

ni=Ai.SA^, ^^p = A-.6A}. (3.7) 
Comparing formulas (3.2) and (3.6), we find that 

In tlicsc formulas the forms 7rj are invariant forms of the group GL(g), 

the forms vr^ are invariant forms of the group GL(p), and the forms irj^ are 
invariant forms of the structural group G of the almost Grassmann structure 
AG{p-l,p + q-l). 

If a point a; G M is variable, then from equations (3.8) we find that 

^ = S^ui-Siu^ + n^co';, (3.9) 

where 2-^"^ are certain functions defined on the first-order frame bundle. 
Substituting for in (3.1) their values taken from (3.9), we obtain 

dwi = u;^Aui3 + uiA + vff/,^Jg Au^, (3.10) 

where denotes the result of alternation of the quantities ufjj^ occurring 

in (3.9) with respect to the pairs of indices (^) and Q): uf^f^ = —u^kj- 
If we set 

P Q 

then it is easy to see that = and = 0, and the above structure 
equations take the form 

where a; = ^o;^ — ^o;^. If we suppress ~, then the structure equations take 
the form: 

dujl, = A u;^ + o;^ A u;} + (J A + u'^^uj'^ A u;^, (3.11) 
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where 

<i = (3-12) 

and 

a;T; = 0, ujI = Q. (3.13) 

Conditions (3.13) mean that the subgroups GL(p) and GL(g) of the 
structural group G of the almost Grassmann structure AG{p — l,p + q — 
1) are reduced to the groups SL(p) and SL(p), respectively, and that the 
group G itself is represented in the form (2.4). As for the Grassmannian 
G{p — l,p + q — 1) (see Section 1), for the almost Grassmann manifold the 
forms LL!^,u>j, and uj are fiber forms defined on the second-order frame bundle 
associated with the almost Grassmann manifold AG{p — l,p + q — 1). 

The structure equations (3.11) differ from the structure equations (1.7) 
of the Grassmannian G{p — l,p + q — 1) only by the last term. 

2. We obtain the remaining structure equations of the almost Grassmann 
manifold M by exterior differentiation of (3.11). This gives 



+dw A a;j, + 2uZl^u%^J, A o;^ A u;^ = 0, 



(3.14) 



where 



= dwf - a;3; A u^, fij = dw) - A Loi 

Viffl J ifil ^01 5 ^01 I ^01 I I 101 i I i^l I 'i'0^ 7 
<jk = du^jk - Hjk^c. - <lk^j - <jl^k + Kjk^^l + Uajk'^S + ^aifc^5 • 

To solve equations (3.14), we represent the forms and duj from 

the left-hand side of equations (3.14) as a sum of terms containing the basis 
forms and the terms not containing these forms: 

n^ = a;;^Aa;2 + $^, = uf^l A col; + do; = u;f A a;j, + (3.15) 

where and (^ak^^Yk certain 2- and 1-forms not expressed in 

terms of the basis forms c<j^ only. 

By (3.13), we have = and = 0, which implies that 

$7 = 0, $1 = 0. (3.16) 

and 

^:i = 0, ^ = (3.17) 
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Substituting (3.15) into equations (3.14), we obtain 

+ (^b-Hil + + + + A c.^ A u;^ = 0, 

(3.18) 

where the alternation is carried over with respect to vertical pairs of indices. 
The first term in the left-hand side of (3.18) does not have similar terms 
among other terms of this side. Thus this term vanishes. But since the 
first factor of this term does not contain the basis forms, this factor itself 
vanishes: 

<5i$^ - &j + 6^6)^ = 0. (3.19) 

Contracting (3.19) with respect to the indices a and (3, applying (3.16), and 
dividing by we find that 

+ (5]$ = 0. 

Contracting this equation with respect to the indices i and j, we obtain 
$ = 0, and consequently = 0. Finally, by (3.19), we find that = 0. 

Now equation (3.18) contains only the last two terms. It follows that the 
1-form which is multiplied by oj^ A uo^ is expressed only in terms of the basis 
forms. Therefore, if the principal parameters are fixed (i.e., if = 0), then 
we obtain 

2(V.«S + n^TT) + 6)7r^ - SIttZ^ + S^ttJI - <5>g + 6l6ln^ - 5^6)7^1 = 0, 

(3.20) 

where as usual irl = u^li^)' ''^jk ~ '^jki^)' ^^"^ tt = lo{S). It follows from 
equation (3.20) that the quantities m^^, form a geometric object that is 
defined in a second-order differential neighborhood of the almost Grassmann 
structure AG(j) — l,p + q — 1). 
Consider the quantities 

^ak — ^aik^ ^jk — ^ajk' l-^-^-^J 

If we contract equations (3.20) with respect to the indices i and j, then after 
some calculations we find that 

V.nS + u^l. = -\ [g(vrS - Si^l) - .f, ' ^Zi-fi ' 4)] ■ (3-22) 



16 



Similarly, contracting equations (3.20) with respect to the indices a and /3, 
we obtain 

V^^JI + = [p(^I - ^H) - vr^ - ^lij^T, - ^)] ■ (3-23) 

Formulas (3.22) and (3.23) show that each of the quantities n^^ and -u*^ form 
a geometric object that is defined in a second-order differential neighborhood 
of the almost Grassmann structure AG{j) — l,p + g — 1). 

Let us prove that if we make a specialization of second-order frames, 
then we can reduce these geometric objects to 0. 

We will prove this for the geometric object u^^. To this end, we must 
show that the 1-forms in the right-hand sides of equations (3.22) are linearly 
independent. First, we note that the forms tt^^ arc linearly independent in 
the set of second-order frames. Let us equate to the right-hand sides of 
equations (3.22): 

^^<L - - <f - ^li-^fi - 4) = 0- (3.24) 

If we contract equations (3.24) first with respect to the indices a and (3 and 
second with respect to the indices a and 7, we arrive at the system 



(3.25) 



<fc + 4] = (1 - W)7r^, 

70; '^7 / \ 7 

iKk -p^ki = y.i-p>k- 

If we solve this system, we find the quantities tt^^ and 7r^|: 

Substituting these values of tt^^ into equations (3.24), after some calcula- 
tions, we reduce the equations obtained to the following form: 

^^'2 - = 0, (3.27) 

where 

^ak — ^ak p-\- q \ k P"a^k J ' 

Interchanging in (3.27) the indices /3 and 7, we obtain 

-^S + rf = 0- (3.28) 
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Since the determinant of the system of equations (3.27)-(3.28) is equal to 
(p' — l^Q, the system has only the trivial solution. 

But the forms tt^^ as the forms tt^^ are linearly independent. Thus the 
forms qTT^ — vf^f are linearly independent too. But, up to the factor — i, 
the latter forms coincide with the right-hand sides of equations (3.22). 

Hence the geometric object = can be reduced to 0. Similarly 
the geometric object tt*]. = can be reduced to 0. This operation leads 
to a reduction of the set of second-order frames of the almost Grassmann 
structure AG{p— l,p + q—1). Before this reduction, the set of second-order 
frames depended on pq{p^ + q^) parameters equal to the number of linearly 
independent forms among the forms tt^^ and tt*^. After the reduction, the 
forms TT^^ and ^^-^ vanish, and the forms tt^^ and tt^-^ are expressed in terms 
of the 1-forms tt^: 

Since there are pq forms irj, and they are linearly independent, the reduced 
family of second-order frames depends on pq parameters. The 1-forms vr^ 
define admissible transformations of frames in this reduced family of second- 
order frames. 

Denote by the quantities after the specialization indicated 

above. Then the quantities satisfy the conditions 

«SI = 0> ^f^k = (3.30) 

and 

'''ajk ^ ~"'akj- 
The last relations follow from conditions (3.12). 

Substituting expressions (3.29) into equations (3.20), we find that 

V5aS + aS^ = 0. (3.32) 
This implies the following theorem: 

Theorem 7 The quantities a^^,, defined in a second-order neighborhood by 
the reduction of second-order frames indicated above, form a relative tensor 
of weight —1 and satisfy conditions (3.30) and (3.31). 



«S = (3-31) 
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Definition 8 The tensor {ci^^i^} is said to be the first structure tensor, or 
the torsion tensor, of an almost Grassmann manifold AG{p — l,p + q — 1). 

After the specialization of second-order frames has been made, the first 
structure equations (3.11) become 

dui = a;^ A ^ + a;f A a;^ + a; A a;^ + agX^ ^ ■ (3-33) 

3. We will now find the expression for the tensor in terms of the 

quantities ufp. occurring in equations (3.11). We assume that the special- 
ization of second-order frames indicated above has not been made and that 
the quantities uf^f, satisfy equations (3.20), which we write in the form 

We will eliminate the fiber forms vrf^, tt*^, and n]. from equations (3.34). 
To this end, we construct the following three objects: 

_ 2 („JH , [7/3] \ 

^ajk - q2_i % \P^\a\k] + ^\a\k]) ' 

y^jk - p2 _ 1 ^« [1%k] + ^[fcj] ) ' 

^ajk - ^2 _ i)(^2 _ 1) - ^)[%%\U\l\k] + <^[fcVl^l; J 

+(v - o) (s^ S^^ ul'l^l + S^^ ul'l^iy 

+ IP Q)[%0\a\^k]l ^°[k°\a\^m)\' 

where the quantities and u*^ are defined by formulas (3.21). A straight- 
forward calculation with help of equations (3.22) and (3.23) gives the fol- 
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lowing differential equations for the objects a;^^, yl^jl, and 2^^^^: 



+ xgvr 



If we set 



ak 



aj 



2(g2 



2(p2 



1 



2(p2^- 1) 



2y - 1) 



(3.36) 
(3.37) 



then by (3.34) and (3.36), it is easy to check that 



0. 



This means that the quantities a^|, form a relative tensor of weight —1. 

Using (3.12), it is easy to verify that the tensor satisfies the conditions 
similar to conditions (3.30) and (3.31). 

We will prove now the following proposition: 

Proposition 9 The relative tensor a = {afp^} defined by formulas (3.37) 
and (3.35) and satisfying the conditions similar to conditions (3.30) and 
(3.31) coincides with the tensor a = {cifj^}: a = a. 



Proof. Let us assume that from the beginning we have the tensor 
a = {ttajj^} in place of the object li^^ and that tensor satisfies conditions 
(3.30) and (3.31); in other words, we have equations (3.30)-(3.33) and (3.29). 



Then, applying (3.30), we find from (3.35) that .x^]. 
consequently from formula (3.37) we find that = 



a 



^ajk 
i/37 
ajk ' 



0, and 



By Proposition 3.3, if we substitute for x^^, y^'^^ and z^^^ in equations 
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(3.37) their values (3.35), we find that 



a 



ajk ajk 



(p2-l)(g2-l) 



l^lj{'i^\a\k] 

{pq 



\a\k] 



p 



P%k] + « 



m ) 



(3.38) 



where the alternation is carried out with respect to the pairs of indices (^) , 

if a 



G) or Q, (]), and = n 



Ik 



U 



la"/ 
alk 



U 



ak' 



U 



1 



U 



U 



laf 



70" 
''ak- 



akl 



The expression (3.38) of the components of the tensor a = {a^jXi 



-u 



alk 



general (not reduced) third-order frame was found by Goldberg in [0| (see 



also [|18|, §2.2). Note that using another method, Hangan |^ deduced this 
expression again. 



4 The Complete Structure Object of an Almost 
Grassmann Manifold 

1. In this section we will construct the second and the third structural 
objects of the almost Grassmann structure. 

Prom equations (3.29) it follows that, after the reduction of the second- 
order frame bundle made in Section 3, we have the following equations on 
the manifold AG{p — l,p + q — 1): 



(4.1) 



Substituting these forms into system (3.15), we obtain 

doj] - M^l = {5)^1 A a;^ - quj] A 0;^) + c^;^ A c^i, (4.2) 

duj = ujf A Wq, 

where iff^f = "U^fl^f]^ and u)*'^; = wj'^^^y The latter quantities satisfy the 



relations 

"'-'akl - -""alk ' ""jkl - -""jlk 



^akl — ^alk ' — ^ilk \^-'^! 
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and also the relations 



^akl — ^ikl — 



(4.4) 



which follow from equations (4.1) and (3.17). 

Exterior differentiation of equations (4.2) gives the following exterior 
cubic equations: 



pq 



P + Q 



(Of + a; A 4) Aui- a^^^^u^ A A 4 



0, 



i-fS le(^ 



pq 



p + q 



to]) Acol^- a\frn^] A A 
(Of + a; A u;f ) A a;j, - a^>f A o;^ A u;:^ = 0, 



and 



0, 



(4.5) 



(4.6) 



(4.7) 



where 

Of = da;f-a;7A<-a;^Aa;r, 



^^jkl — ^^jkl 



- ^ekl < - Kjl ^k 
w'mkl^T 



J3e5 



"akj'^l 
"jkm^l 



"akj'^e ^ '^akj'^s ^ '^akj'^e^ 
"jkl '^m "T ^jW^ + 



Prom equations (4.5)-(4.7) it follows that the 2-form Of + a; A a;f can 
be expressed as follows: 



Of + a;Aa;f = a;,f Aa;^. 



(4.8) 



The forms ujff are defined on the fourth-order frame bundle associated with 
''J 

the almost Grassmann structure AG{p — 1, j3 + g — 1). 

Substituting expressions (4.8) into (4.5)-(4.7), we obtain 



^Kki +^Kki ^ - zrr^ + ««« O ^^^^^s 



p + q 

-2^^M?Aa;f Au;^Aa;i = 0, 



-2^M?A<Aa;^Aa;H0, 



(4.9) 



(4.10) 
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and 



It follows from (4.9)-(4.11) that for = 0, we have 



"akl 



p + q 
pq 



jkl ' 



and 



^[kl] 



where the alternation is carried over the pairs of indices (^) and 
usual ttI = ul{S), ttJ' = uj^^{6), and tt = uj{6). 

Prom (4.14) it follows that the form can be written as 



TT 



7i5 ~-/5 
kl - ^ 



, _ rn-yS e 
''^kl " ^ekl 



where 



TT 



kl 



TT: 



57 
Ik ■ 



The 1-forms Tr^f determine admissible transformations of third order frames 
associated with the almost Grassmann structure AG{p — l,p + q — 1). 

If we apply equation (4.15), we can write equations (4.12) and (4.13) in 
the form: 



(4.11) 

(4.12) 
(4.13) 

(4.14) 
and as 

(4.15) 
(4.16) 



pq 



"a^kl 



2(fJ + q) 



(4.17) 



0, 



"jkl 



jkl ' 



pq 



"kT^jl "l^jk 



2(p + g) 



(4.18) 



= 0. 



2. If we contract equation (4.17) with respect to the indices a and 7, 
equation (4.18) with respect to the indices i and k and change the notation 
of some indices, we obtain 



■yaS 
'^akl " 



pq 

2ip + q) 



'P^t ~ ^kl + Kil' -paT^Mm] = 0, (4.19) 
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V5^^]f + 2wl^in + 2^ [#,7 - Kl + KIT - 1<kl>tn\ = 0. (4.20) 

Using the quantities w'^^f and w^^f , we now construct the following new 
object: 

= <ki - <a + ^ilk - ^uk- (4-21) 
By means of (4.19), (4.20), and (4.16), it is easy to prove that the quantities 
w^i defined by (4.21) satisfy the following differential equations: 

^swlf + 2wlfn = ^/P + <l)^t - 2^f7]- (4-22) 

Formulas (4.22) show that the quantities ufj^^ form a geometric object which 
is defined in a third-order differential neighborhood of the almost Grassmann 
structure AG{p — l,p + q — 1). 

Let us prove that if we make a specialization of fourth order frames, then 
we can reduce the geometric object wl^i defined by (4.21) to 0. In our proof 
we will again apply the method used in Section 3. 

We must show that the 1-forms on the right-hand sides of equations 
(4.22) are linearly independent. First, we note that by (4.16) and (4.21), 
both the components wj^i and the forms Tr^f are symmetric with respect to 
the pairs of indices (^) and (^) , and there are \pq{pq+^) linearly independent 
forms among the 
equations (4.22): 



m7<S\ 



forms among the 1-forms lil^. Let us equate to the right-hand sides of 



(p + .z)7f^-2^f7 = 0. (4.23) 
Interchanging the indices 7 and 5 in (4.23), we obtain 

-2^^ + (p + g)^j7 = 0. (4.24) 

Since the determinant of the system of equations (4.23)-(4.24) is equal to 
(p + g)^ — 4 7^ 0, the system has only the trivial solution. 

There are ^pq{pq + 1) linearly independent forms among the 1-forms 
(p + q)TTli — 27f^/. But, up to the factor the latter forms coincide with 
the right-hand sides of equations (4.22). 

Hence the geometric object can be reduced to 0. This operation 
leads to a reduction of the set of third-order frames of the almost Grassmann 
structure AG{p — \,p + q — 1). Before this reduction, the set of third-order 
frames depended on \pq{pq + 1) parameters equal to the number of linearly 
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independent forms among the forms vr^^^. After the reduction, the forms vr^^^ 
vanish, 

= 0, (4.25) 
and the forms tt^^^ are expressed in terms of the 1-forms vr^, 

= -aTkf^fn- (4.26) 

But as we saw earher, the forms vr^ determine admissible transformations of 
second-order frames. This means that after the above reduction the group 
of admissible transformations of third-order frames coincides with the group 
of admissible transformations of second-order frames. This implies the fol- 
lowing result: 

Theorem 10 The almost Grassmann manifold AG{p — l,p + q — 1) is a 
G -structure of finite type two. 

This result is analogous to the result for the conformal CO (p, g)-structures 
(see m, §4.1). The theorem similar to Theorem 4.1 was proved in |22| in 



terms of Lie algebras (see |28], Ch. 7, §3, for the definition of a G-structure 
of finite type). 

Denote the values of the quantities w^]fi and tt;*^^ in the reduced fourth- 
order frames by b^ff^ and 6*],^, respectively. Then the quantities b^]fi and 6*^^ 
satisfy the differential equations obtained from equations (4.17) and (4.18) 
by means of (4.25): 



^Sb^ll + - (25f ar.r - SZ^kT + SUT) = (4.27) 

and 

V^^rj + 267^. + - Sla^f + 6lal%) vr^ = 0. (4.28) 

They also satisfy the conditions (cf. (4.21)) 

blti - ^ + - &S = (4.29) 



akl kil ~^ alk lik 

and 

'•'akl ~ ~"alk^ "jkl ~ ~"jlk^ 



'^akl — °alk^ "ikl — °-ilk^ \^.6\J) 
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CZf = 0, 1^ = 0. (4.31) 



and the relations 

'-'akl — ^ikl 

The relations (4.30) and (4.31) follow from condition (4.3) and (4.4). 

Equations (4.26) show that the 1-forms Lvlf occurring in equations (4.8) 
are expressed in terms of the forms and the basis forms u^: 

This means that the fiber forms ufj^ associated with the fourth-order frame 
bundle are expressed in terms of the fiber forms cuj., defined on the third- 
order frame bundle, and the basis forms lj!^.. 

3. Substituting for the forms tofj^ in equations (4.8) their values (4.32), 
we find that 

dur - co^ Aco-p- u4 Acof + coA a;f = cg^a;^ A u;^ - a'^fuj A co^^, (4.33) 

where c^'^^j^ = c^j^J^ , and the alternation is carried over the vertical pairs of 
indices. 

If wc substitute for the forms oj"'^ in equations (4.11) their values (4.32), 
we find that the quantities c"pj must satisfy the following condition: 

= 0- (4-34) 

Equations (4.33) together with equations (3.33) and (4.2) make up the com- 
plete system of the structure equations of the almost Grassmann structure 
AG{p-l,p + q-l): 

dioi - Loi A Loj - LO^ A Loi, - LU A ioi = a'f^lLJ^g A LO'^, 

dcf - A a;^ = (^^a;^ A ul - pu^ A ) + 6S?a;^ A 4, 
cLo] -u)Aui = ^^ {5iul Au';- qu] A c.^) + 67^0;^ A 



dio = Lof A oj* 



a' 



du^f - 4 A o;^ - J, A + a; A < = d^^Ji^ A u;^ - A J,. 

(4.35) 

We have proved above that a structure AG{p—l,p+q—l) is a G-structure 
of finite type two. The invariant forms of this structure are divided into 
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three groups: {ujI^}, {ujj,u>^,uj}, and {ujf} which are defined in the frame 
bundles of first, second, and third order, respectively. The forms define 
a displacement of a point x along the manifold M on which the almost 
Grassmann structure is defined. By (4.35), for = these forms satisfy 
the equations 

dir^ = 7^1 ^ vr^, dufj = w}' A ui, (4.36) 
diT = 0, (4.37) 
dvrf = 7rf Au;^ + 7r,'A7rr, (4.38) 
and the forms tt'^ and vr^ satisfy the conditions (3.13), 

In view of (4.37), the form vr is an invariant form of the group H of 
homotheties of the tangent space (M) , and the forms vr*- , ■k'^ , and vr are 
invariant forms of the group G = SL(p) x SL(g) x H, whose transformations 
leave the cone SCx{p,q) C T^i^M) invariant. The group G is the structural 
group of the almost Grassmann structure AG{p — l,p + q — 1). 

Equations (4.36), (4.37), and (4.38) prove that the forms 7r,7r*-,7r^, and 
vrf are invariant forms of the group G' which is obtained as a differential 
prolongation of the group G. The group G' is isomorphic to the group 
G|x T{pq) whose subgroup T{pq) is defined by the invariant forms tt". 

To describe the group G' geometrically, we compactify the tangent sub- 
space Tx{M) by enlarging it by the point at infinity and the Segre cone 
SCoo {p, q) with its vertex at this point. Then the manifold Tx (M)n5Coo {p, q) 
is equivalent to the algebraic variety il.{p—l,p + q — l). Since the point x at 
which the variety ^}{p — l,p + q — 1) is tangent to the manifold M is fixed, 
the geometry defined by the group G' on Q{p — l,p + q — 1) is equivalent to 
that of the flat Segre- affine space SA^ of dimension p = pq, on which the 
variety ^{p— l,p+q — 1) is projected by means of a stereographic projection 
from the point x (see [|2^, or Q, §6.6). The group G' is the group of 
motions of this space, its subgroup G is the isotropy group of this space, 
and the subgroup T{pq) is the subgroup of parallel translations. We have 
already discussed this at the end of subsection 1.1. 

4. After the flrst reduction of second-order frames associated with the 
almost Grassmann structure AG{p — l,p + q — 1), we introduced the first 
structure tensor (the torsion tensor) a = {a^^} of AG{p — l,p + q — 1). Let 
us set = m}^b' = and b = {h\b^). 
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Equations (4.27) and (4.28) show that the quantities (a, 6^) and (a, 6^) 
form Unear homogeneous objects. They represent two subobjects of the 
second structure object (a, 6) of the almost Grassmann structure AG{p — 
\,p + q-l). 

Taking the exterior derivatives of the last equation of (4.35), we arrive 
at the following exterior cubic equation: 

ry7„a/37 I q a/37, , ^"7/3, ,a , is~tl3 a , (sa/B may , maasjl3\ e 

\(0nO'^<^ n^'^l^ t J^Pl „sae \, .ml a , ,k , J n 

+ {^(^ims%kj^£ ~ ^sjk (^aim)^e J A A - U, 

where Vr"'^'^ - r7r"^T'-r"^^w^-r"'^^Lj^-r"^'^Lj*+r-'^^'^w"+r"'^'^w'^+r-"^'^Lj'y 
wneie ^ C^-^ — ac^jk <-sjk Hsk '-ijs ^k^Hjk "^u^Hjk "^CF^Hjk ^a- 

For = 0, it follows from equation (4.39) that 
V5cg'^ + 3c^^,V-6:g< + 6?^^? + (<f arr + aSr<g)^^ = 0. (4.40) 

Let us set c = {c'^^^}. Equations (4.40), (4.27), (4.28), and (3.32) prove 
that S = (a, b, c) form a linear homogeneous object, which is called the third 
structure object of the almost Grassmann structure AG{p — l,p + q — 1). It 
is defined in a fourth-order differential neighborhood of AG{p— l,p + q — l). 
As we proved earlier, its subobject a is a relative tensor (the torsion tensor) 
defined in a second-order differential neighborhood of AG{p — l,p + q — 1), 
and the subobjects (a, 6^), (a, 6^), and (a, 6) are defined in a third-order 
differential neighborhood of AG{p — l,p + q — 1). 

The third structural object S = (a, b, c) is the complete geometric object 
of the almost Grassmann structure AG{p — l,p + q — 1), since if we prolong 
the structure equations (4.35) of AG(j)~l,p+q — l), all newly arising objects 
are expressed in terms of the components of the object S and their Pfaffian 
derivatives. This follows from Theorem 4.1. 

5. Now we will find new closed form equations and differential equations 
that the components of b^ and b'^ satisfy. First, note that since the object a 
is a relative tensor of weight —1, its components satisfy the equations 

VaSX + «S> = «SW- (4-41) 

This equation is equivalent to the equation (3.32). The quantities afj'^i 
occurring in equations (4.41) are Pfaffian derivatives of the components of 
the tensor a with respect to the basis forms cOg. With respect to the indices 
i, P,j,a,j,k, they satisfy the same relations (3.30)-(3.31) as the tensor a. 
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Substituting for Va^^ + a^^w and for the forms , , and dcv in 
equations (3.14) their values from expansions (4.41) and (4.35) and equating 
to zero the coefficients of Ug A u-j^ A u^, we obtain the following equations: 

%"\a\kl] °a %kl] + '^aUkl] + "^^aUlm^elkl] " {'^■'^^) 

As earlier, in this formula, the alternation is carried over the pairs of indices 
( j) ' (fe) ' if) ■ Equation (4.42) can be written in the form 

"[j"\a\kl] "a%kl] - ^ajkV 

where the quantities ^*f^T.1 arc skew-symmetric with respect to the last three 
pairs of indices and are expressed in terms of the components of the tensor 
a and their Pfaffian derivatives. 

We will now prove the following result: 

Theorem 11 For p > 2 and q > 2, the components of and are ex- 
pressed in terms of the components of the tensor a and their Pfaffian deriva- 
tives. 

Proof. In fact the components of and 6^ satisfy equations (4.43) which 
are a nonhomogeneous system of linear equations with respect to the quan- 
tities b^^^ and b\^2- Consider the homogeneous system corresponding to 
this nonhomogeneous system; that is, set = in this nonhomogeneous 
system. This gives 

"\j"\a\lm] %lm] " ^' 

or 

°j"alm + ^I'^amj + ^m%7 ^a^jlm ^a"lmj "a^mjl " ^■ 

Contracting the latter equations with respect to the indices i and I, i and j, 
and i and m and applying conditions (4.31), we obtain 

. + qi/^- + }fl^^ . = 0, (4.44) 
ajm ' ajm ' ^ amj 

If we symmetrize equations (4.44) with respect to the indices j and m, 
we obtain a homogeneous system of equations with respect to b^^^^-^ , &f (^^^ , 
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and b^^f^j^y The determinant of the matrix of coefficients of this system is 
equal to 



1 



and it does not vanish if g > 2. 



solution: b' 



Sel3 
aimj) 



= {q-l)\q + 2), 

Hence this system has only the trivial 



0. 



In the same manner, if we alternate equations (4.44) with respect to the 

indices j and m, we obtain a homogeneous system of equations with respect 



to b 



Sep 



,135s 



,6(35 



i[im]' "a[jm]^ ^"^^ ^a[jTn] 

of this system is equal to 



The determinant of the matrix of coefficients 



1 
1 

-Q 



iq+lf{q-2), 



and it does not vanish if q> 2. Hence this system has only the trivial solu- 
tion: bt^,^_^ =0. As a result the homogeneous system in question has only 



a\jm] 

the trivial solution: 6^^^ = 



provided that g > 2; thus the original nonho- 
mogeneous system has a unique solution expressing the quantities b^]f^ in 
terms of the components o,^^. of the tensor a and their Pfaffian derivatives. 

In a similar manner we can prove that ii p > 2, then the quanti- 
ties 6^^^ are expressed in terms of the components af^^ of the tensor a 
and their Pfaffian derivatives. Note that the condition g > 2 is required 
only for finding of b^a\jm] ~ ^^ajm ^^'^ condition p > 2 for finding of 

,/[a/3] _ Wa/3 . 

Now we can see that the tensor a satisfies certain diff'crcntial equations. 
These equations can be obtained if we substitute for the components of b^ 
and 6^ in equations (4.43) their values found in the way indicated above. The 
conditions obtained in this manner are analogues of the Bianchi equations 
in the theory of spaces with affine connection. 

6. Next we will find new closed form equations and differential equations 
that the components of c satisfy. If we substitute for the 1-forms uj°f in 
equations (4.9) and (4.10) their values taken from (4.32) and apply (4.34), 
we arrive at the following exterior cubic equations: 



(4.45) 
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(4.46) 



where 



It follows from equations (4.45) and (4.46) that 

where ^^^f^ and fef^f^ are the Pfaffian derivatives of 6^^^ and fef^f , respec- 
tively. Substituting (4.47) into equations (4.45) and (4.46), we find the 
following differential equations for the components of h: 



Me] _ pq .[e 1/317-5] _ s\de] _ ^ 

"a[klm] p^q " [mkl] ■^"a[k\s"'a\lm] ~ 

,i[-y5s] pq c-i [£75] „,j(T[e Isl^yS] _ „ 



(4.48) 



Equations (4.48) can be written in the form 

xle _ D/37fe (A AO) 

"a ^[mkl] ~ ^aklm l^^.^yj 

and 

where the quantities B^2:im ^'^d Bjjfi^ are skew-symmetric with respect to 
the last three pairs of indices and are expressed in terms of the components of 
the subobjects (a, b^) and (a, 6^), respectively, and their Pfaffian derivatives. 
We will now prove the following result: 

Theorem 12 Ifp>2, then the components of c are expressed in terms of 
the components of the subobject (a, 5^) and their Pfaffian derivatives, and if 
q > 2, then the components of c are expressed in terms of the components 
of the subobject {a,b'^) and their Pfaffian derivatives. 

Proof. We will prove only the first part of this theorem. The proof of 
the second part is similar. 
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The components of c satisfy equations (4.49) that are a nonhomogeneous 
system of hnear equations with respect to Cj^i ■ Consider the homogeneous 
system corresponding to this nonhomogeneous system; that is, set o = 6^ = 
in this nonhomogeneous system. This gives 

Contracting this equation with respect to the indices a and e, a, and 6, and 
a and 7, we obtain 

0, 

0, (4.51) 
0. 

If we symmetrize and alternate equations (4.51) with respect to the in- 
dices 7 and 6, we obtain two homogeneous systems of equations with respect 
to Cjl]^^ and Cjjj^^ with different order of lower indices (cf. Subsection 4.5). 
The determinants of the matrices of coefficients of these systems are equal 
to {p — l)^(p + 2) and (p + l)^(p — 2), respectively. They do not vanish 
if p > 2. Hence these systems have only the trivial solution. As a result 
the homogeneous system in question has only the trivial solution c^^i = 
provided that p > 2; thus the original nonhomogeneous system has a unique 
solution expressing the components of c in terms of the components of the 
subobject (a, 6^) and their Pfaffian derivatives. I 

Now we can see that the object (a, b) satisfies certain differential equa- 
tions. These equations can be obtained if we substitute for the components 
of c in equations (4.49) and (4.50) their values found in the way indicated 
above. The conditions obtained are other analogues of the Bianchi equations 
in the theory of spaces with affine connection. 

7. An almost Grassmann structure AG{p — l,p + q — 1) is said to be 
locally Grassmann (or locally flat) if it is locally equivalent to a Grass- 
mann structure. This means that a locally flat almost Grassmann struc- 
ture AG{p — l,p + q — 1) admits a mapping onto an open domain of the 
algebraic variety r2(m, n) of a projective space , where = (^^\) — 1, 
m = p — l,n = p + q — 1, under which the Segre cones of the structure 
AG{p — l,p + q — 1) correspond to the asymptotic cones of the variety 
Q{m, n). 

Prom the equivalence theorem of E. Cartan (see ||ll| or [|l5|), it follows 
that in order for an almost Grassmann structure AG{p — l,p + q — 1) to be 



^jkl ~^ Hjk ~^ P^klj — 
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locally Grassmann, it is necessary and sufficient that its structure equations 
have the form (1.4), (1.10), (1.11), and (1.12). Comparing these equations 
with equations (4.35), we see that an almost Grassmann structure AG{p — 
l,p + q — 1) is locally Grassmann if and only if its complete structure object 
S = (a, 6, c) vanishes. 

However, we established in this section that if p > 2 and q > 2, the 
components of b are expressed in terms of the components of the tensor 
a and their Pfaffian derivatives, and the components of c are expressed in 
terms of the components of the subobject (a, b) and their Pfaffian derivatives. 
Moreover it follows from our considerations that the vanishing of the tensor 
a on a manifold M carrying an almost Grassmann structure implies the 
vanishing of the components of b and c. 

Thus we have proved the following result: 

Theorem 13 For p > 2 and q > 2, an almost Grassmann structure AG{p— 
l,p + q — 1) is locally Grassmann if and only if its first structure tensor a 
vanishes. 



Note that in the main parts of and |13] the author considered torsion- 
free almost Grassmann structures. He did not have results of our Theorems 
4.2, 4.3 and 4.4 and erroneously assumed that for p > 2,q > 2 there exist 
torsion-free almost Grassmann structures that are not locally Grassmann 
(locally flat) structures. According to Theorem 4.4, if p > 2 and q > 2, then 
torsion-free almost Grassmann structures are locally Grassmann structures. 
This is the reason that the results of the main parts of 0] and |l|l are valid 
only for p = 2, q > 2; p > 2, q = 2, and p = q = 2. 

8. We will now write the structure equations (4.35) in index-free nota- 
tion. To this end, we denote the matrix 1-form (w^), defined in a first-order 
frame bundle, by 9 and write equation (3.33) in the form 



de = L0Ae-eAL0a-ujf3AuJ + Q, (4.52) 

where uJa = (1^/3) and ujjs = (ujj) are the matrix 1-forms defined in a second- 
order frame bundle for which 



truJa = 0, trujf^ = 0; 

the form oj the scalar form occurring in equation (3.33) and also defined in 
a second-order frame bundle. 
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The 2-form = (0^) is the torsion form with the components 

0L = «L»4- (4.53) 
The remaining structure equations (4.35) can be written in the form 



duJa + A Wq, 



p + q 
P 

p + q 



-la tr {if A 9) + pep A 6 
-1(3 tv {if A 9) + q9 A if 



(4.54) 



du! = tv{ip A 9), 

dip + uJa Aip + Lp Aujp + oj Aip = —{ap>) A9 + ^, 



where p> = (wf ) is a matrix 1-form defined in a third-order frame bundle; 
la = (S^) and 1/3 = {6j) are the unit tensors of orders p and q, respectively; 
and 2-forms Oq, = (J^^), = (^j); and $ = {^f) are the curvature 2-forms 
of the AG{p — l,p + q — l)-structure whose components are 

n$ = b';2^u'^Acol ^■=6;IMa4, $? = 4f4A< (4.55) 



5 Semiintegrability of Almost Grassmann 
Structures 

1. In this section we will formulate geometric conditions for an almost 
Grassmann structure AG{p — l,p + q — 1) defined on a manifold M to be 
semiintegrable. The conditions will be expressed in terms of the complete 
structure object S of the almost Grassmann structure AG{p — l,p + q — 1) 
and its subobjects Sa and Sjs which will be defined in this section. For the 
proof of all theorems of this section see Q or §7.4. 

First we will state the theorem on the decomposition of the torsion tensor 
of an almost Grassmann structure AG{p — l,p + q — 1): 

Theorem 14 The torsion tensor a = {a^^^j^^ of the almost Grassmann struc- 
ture AG{p — l,p + q — 1) decomposes into two subtensors: 

a = aa+ai3, (5.1) 

where 

r «/37 T r «(/37)i 
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Note that the subtensors Oq and ap can be also represented in the form 

Note also that like the tensor a, its subtensors and ap are skew- 
symmetric with respect to the pairs of indices (^) and Q) : 

j/37 _ _i'rl3 ip-y _ _i'rl3 

and they are also trace-free, since it follows from (3.30) that 

Next we will formulate the theorem on vanishing the subtensors Oq, and 
for p = 2 and q = 2, respectively: 

Theorem 15 If p = 2, then = 0, and if q = 2, then ap = 0. 

The following theorem gives necessary and sufficient conditions for an 
almost Grassmann structure AG{p — l,p -|- — 1) to be a-semiintegrable or 
/3-semiintegrable. 

Theorem 16 (i) If p > 2 and q>2, then for an almost Grassmann struc- 
ture AG{p — l,p + q — 1) to be a-semiintegrable, it is necessary and 
sufficient that the condition = 6^ = 6^ = holds. 



(ii) If p > 2 and q > 2, then for an almost Grassmann structure AG{p — 
1)P + 9 ~ 1) to be (3-semiintegrable, it is necessary and sufficient that 
bh = b} 



the condition a^j = 6l = 6| = holds. 



We introduce the following notations: 

For the cases when p = 2oiq = 2oT:p = q = 2, the following theorem 
gives necessary and sufficient conditions for an almost Grassmann structure 
AG{p — l,p + g — 1) to be a-semiintegrable or /3-semiintegrable: 
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Theorem 17 (i) If p = 2, then the structure subobject Sa consists only 
of the tensor 6^, and the vanishing of this tensor is necessary and 
sufficient for the almost Grassmann structure AG{l,q + 1) to be a- 
semiintegrable. 

(ii) If q = 2, then the structure subobject consists only of the tensor 

6^, and the vanishing of this tensor is necessary and sufficient for the 
almost Grassmann structure AG{p — + 1) (which is equivalent to 
the structure AG{l,p + 1)) to be (5-semiintegrable. 

(iii) If p = q = 2, then the complete structural object S consists only of 
the tensors 6^ and b'^, and the vanishing of one of these tensors is 
necessary and sufficient for the almost Grassmann structure ^G(l,3) 
to be a- or f3-semiintegrable, respectively. 

We conclude by the following remarks: 

1. The tensors 6^ and 6^ are defined in a third-order differential neighbor- 

hood of the almost Grassmann structure. 

2. For p = q = 2, as was indicated earlier (see Example 2.3), the al- 

most Grassmann structure ^G(l,3) is equivalent to the conformal 
CO(2, 2)-structure. Thus it follows (see §5.1) that we have the 
following decomposition of its complete structural object: 5 = 6^+6^. 
This matches the splitting of the tensor of conformal curvature of the 
CO(2, 2)-structure: C = Ca+Cf^. 
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